Wigner function and the probability representation of quantum states by Man'ko, Margarita A. & Man'ko, Vladimir I.
ar
X
iv
:1
40
3.
31
89
v1
  [
qu
an
t-p
h]
  1
3 M
ar 
20
14
The Journal’s name will be set by the publisher
DOI: will be set by the publisher
c© Owned by the authors, published by EDP Sciences, 2014
Wigner function and the probability representation of quantum
states
Margarita A. Man’ko1,a and Vladimir I. Man’ko1,2,b
1P. N. Lebedev Physical Institute, Russian Academy of Sciences, Leninskii Prospect 53, Moscow 119991,
Russia
2Moscow Institute of Physics and Technology (State University), Institutskií per. 9, Dolgoprudnyí, Moscow
Region 141700, Russia
Abstract. The relation of the Wigner function with the fair probability distribution called
tomographic distribution or quantum tomogram associated with the quantum state is re-
viewed. The connection of the tomographic picture of quantum mechanics with the in-
tegral Radon transform of the Wigner quasidistribution is discussed. The Wigner–Moyal
equation for the Wigner function is presented in the form of kinetic equation for the to-
mographic probability distribution both in quantum mechanics and in the classical limit
of the Liouville equation. The calculation of moments of physical observables in terms
of integrals with the state tomographic probability distributions is constructed having a
standard form of averaging in the probability theory. New uncertainty relations for the
position and momentum are written in terms of optical tomograms suitable for direct
experimental check. Some recent experiments on checking the uncertainty relations in-
cluding the entropic uncertainty relations are discussed.
1 Introduction
The states of quantum systems are identified with the wave function [1] or the density matrix [2, 3].
For the quantum particle, in 1932 the function W(q, p) was introduced by Wigner [4]; this function
contains all information on the state and is similar to the classical probability density f (q, p) in the
phase space. The Wigner function can take negative values, so it is not a a fair probability distri-
bution. Nevertheless, using the invertible Radon transform [5], one can obtain the fair probability
distribution [6] called the optical tomogram measured in quantum-optics experiments [7]. In [8], it
was suggested to identify the quantum states with tomographic-probability distributions as primary
objects which are alternatives to the wave functions or the density matrices.
The aim of this work is to present a review of the approach (see also [9–11]) and obtain new
quantum inequalities associated with the tomographic probabilities and Wigner function.
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2 Tomographic probability distributions
The Wigner function is determined by the density operator ρˆ
W(q, p) = 2 Tr (ρˆ ˆD(2α) ˆI), α = (q + ip)/√2, (1)
where ˆD(2α) = exp (2αaˆ† − 2α∗aˆ), [aˆ, aˆ†] = 1, and the parity operator ˆI is ˆIψ(x) = ψ(−x).
The inverse transform reads
ρˆ = pi−1
∫
W(q, p) ˆD(2α) ˆI dq dp. (2)
The optical tomogram is given by the Radon transform [5] of the Wigner function
w(X, θ) =
∫
δ(X − q cos θ − p sin θ)W(q, p) dq dp
2pi
. (3)
The symplectic tomogram w(X, µ, ν) in terms of the Wigner function and optical tomogram reads
w(X, µ, ν) =
∫
δ(X − µq − νp)W(q, p) dq dp
2pi
=
1√
µ2 + ν2
w
 X√
µ2 + ν2
, tan−1
ν
µ
 . (4)
The density operator in terms of the symplectic tomogram is
ρˆ = (2pi)−1
∫
w(X, µ, ν) exp [i(X − µqˆ − νpˆ)] dX dµ dν. (5)
Recall that tomograms are normalized probability distributions, i.e., w(X, θ) ≥ 0, w(X, µ, ν) ≥ 0,∫
w(X, θ) dX = 1, and
∫
w(X, µ, ν) dX = 1.
The von Neumann equation for the density operator
∂ρˆ
∂t
+ i
[
ˆH, ρˆ
]
= 0, ˆH = pˆ
2
2
+ ˆU (6)
was written for the optical tomogram in [12, 13] as follows:
∂
∂t
w(X, θ, t) =
[
cos2 θ
∂
∂θ
− 1
2
sin 2θ
{
1 + X ∂
∂X
}]
w(X, θ, t)
+2
Im U
sin θ
∂
∂θ
[
∂
∂X
]−1
+ X cos θ + i
sin θ
2
∂
∂X

w(X, θ, t). (7)
In the classical limit, this equation converts into the Liouville equation for classical optical tomogram
wcl(X, θ, t) =
∫
δ(X − q cos θ − p sin θ) f (q, p, t) dq dp, where f (q, p, t) is the probability density in the
phase space,
∂
∂t
wcl(X, θ, t) =
[
cos2 θ
∂
∂θ
− 1
2
sin 2θ
{
1 + X ∂
∂X
}]
wcl(X, θ, t)
+
 ∂∂q U
q → sin θ
∂
∂θ
[
∂
∂X
]−1
+ X cos θ
 sin θ
∂
∂X
wcl(X, θ, t), (8)
and for classical symplectic tomogram Mcl(X, µ, ν, t) it reads
∂
∂t
Mcl(X, µ, ν, t) = µ ∂
∂ν
Mcl(X, µ, ν, t) +
 ∂∂qU
q → −
[
∂
∂X
]−1
∂
∂µ
 ν
∂
∂X
 Mcl(X, µ, ν, t). (9)
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The statistical properties of the position and momentum are expressed in terms of the optical
tomogram as follows:
〈qˆn〉 = Tr ρˆqˆn =
∫
w(X, θ = 0)XndX, 〈pˆn〉 = Tr ρˆqˆn =
∫
w(X, θ = pi/2)XndX. (10)
3 Quantum uncertainty relations in terms of tomograms and Wigner
function
The Heisenberg uncertainty relation (at ~ = 1) in the form
∫
w(X, θ = 0)X2dX −
(∫
w(X, θ = 0)X dX
)2
×

∫
w(X, θ = pi/2)X2dX −
(∫
w(X, θ = pi/2)X dX
)2 ≥ 14 (11)
has been checked in [14, 15].
The optical tomogram satisfies the entropic inequality [9, 16]
ln pie +
∫
w(X, θ) lnw(X, θ) dX +
∫
w(X, θ + pi/2) lnw(X, θ + pi/2) dX ≤ 0. (12)
This inequality was checked in [15].
To derive another inequality, we introduce four numbers p1, p2, p3, and p4
p1 =
∫ x1
−∞
w(X, θ) dX, p2 =
∫ x2
x1
w(X, θ) dX, p3 =
∫ x3
x2
w(X, θ) dX, p4 =
∫ ∞
x3
w(X, θ) dX, (13)
where −∞ < x1 ≤ x2 ≤ x3 < ∞. Then one has the inequality which is an analog of the subadditivity
condition for bipartite system
−p1 ln p1 − p2 ln p2 − p3 ln p3 − p4 ln p4 ≤ −(p1 + p2) ln(p1 + p2)
−(p3 + p4) ln(p3 + p4) − (p1 + p3) ln(p1 + p3) − (p2 + p4) ln(p2 + p4). (14)
The new inequality for the Wigner function W(q, p) of the pure state can be also found. If one has
four numbers, which are functionals of the Wigner function of the form
Π1 =
∫ x1
−∞
∫ ∞
−∞
W2(q, p) dq dp
2pi
, Π2 =
∫ x2
x1
∫ ∞
−∞
W2(q, p) dq dp
2pi
,
(15)
Π3 =
∫ x3
x2
∫ ∞
−∞
W2(q, p) dq dp
2pi
, Π4 =
∫ ∞
x3
∫ ∞
−∞
W2(q, p) dq dp
2pi
,
an inequality analogous to (14) is valid, namely,
−Π1 lnΠ1 − Π2 lnΠ2 − Π3 lnΠ3 − Π4 lnΠ4 ≤ −(Π1 + Π2) ln(Π1 + Π2)
−(Π3 + Π4) ln(Π3 + Π4) − (Π1 + Π3) ln(Π1 + Π3) − (Π2 + Π4) ln(Π2 + Π4). (16)
Inequality (14) can be checked experimentally. Optical tomograms w(X, θ) of photon states are
measured by homodyne detector [15]. They must satisfy inequality (14) for an arbitrary local oscilla-
tor phase θ and arbitrary numbers x1, x2, and x3.
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4 Conclusions
To conclude, we point out our main new results.
We obtained new inequalities for optical tomograms (13) and (14), which can be measured ex-
perimentally. Also we found new integral inequalities for the Wigner function W(q, p), which can be
checked in the experiments similar to the ones performed in [7], where the Wigner function of photon
states is reconstructed from homodyne detection. The inequalities we obtained are analogous to the
subadditivity condition for entropy of bipartite systems, but they are valid for systems without sub-
systems. Such kinds of inequalities were recently discussed in [17, 18]. The entropic inequalities [19]
correspond to the general properties of nonnegative-number sets [20].
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